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The  theory  of  a  broadband  raoaUnt  beam  width  uanaducar  (CBT)  which  la  bnaad  on  Legendre 
function  amplitude  thedtAg  of  a  ybertcai  cap  waa  demrlbed  In  a  pwvtou*  report,/  Acoutt  Soc  Am. 
M  S843  (1978)  TbeoeetkM  calruUtiona  ihowed  tha  CRT  to  haw  uniform  acoustic  loading, 
ealremety  lor  dde-lobee,  rirtually  no  naarfWid,  an  naantlaily  constant  bram  pattern  for  all  frequencies 
abow  a  certain  cutoff  frequency ,  and  ■  flat  transmitting  current  response  over  a  broad  band  for 
ptemetectrtc  drive,  in  this  report  formulae  aultabte  for  the  design  of  a  CBT  which  la  to  be  used  aa  a 
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^-transmitter  and/or  receiver  ar e  developed.  Thv  formulas  Involve  simple  algebraic  and  trigonometric 
iipniilnw  and  out  be  readily  mluittd  using  •  pocket  alculttat.  Formulas  ut  developed  for  the 
required  velocity  distribution,  llmitln|  beam  patterns,  directivity  Index,  equivalent  two-way  beam 
width*  for  volume  and  surface  reverberation,  shading  coeffk-enU  for  a  stepwise  Implementation 
of  the  velocity  distribution,  sis*,  ceramic  mass,  bandwidth,  source  level,  transmitting  voltage  and 
current  leepooars,  and  receiving  voltage  senaltivity .  The  report  concludes  with  an  example 
Illustrating  the  procedure  uaed  to  design  a  CBT  with  a  specified]-  3  dB  half  angle  beam  pattern, 
source  level,  and  receiving  voltage  sensitivity.  ^ 
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DESIGN  MANUAL  FOR  A  CONSTANT  BRAMWIDTH  TRANSDUCER 


INTRODUCTION 

Mod  directional  acoustic  tranaducen  and  arrays  exhibit  beam  pattern •  which  are 
frequency  dejiendent.  Thu*,  the  S}>cctral  content  of  the  transmitted  or  received  signal  vane* 
with  position  in  the  beam  and  the  fidelity  of  an  underwater  acoustic  system  depend*  on  the 
relative  orientation  of  the  trammitter  and  receiver.  In  a  previous  paper  (1 )  we  deachbed 
a  simple  method  for  obtaining  a  tranaducer  whose  beam w kith  is  essentially  independent 
of  frequency  over  a  broad  bandwidth.  Our  constant  beam  width  transducer  (CRT)  is  a  rigid 
spherical  cap  of  arbitrary’  half  angle  a  shaded  so  that  the  normal  velocity  on  the  outer 
surface  is  pro|x)rtional  to  Pv  ( cos  0),  where  l\.  is  the  Legendre  function  wliose  root  of 
smallest  angle  occur*  at  0  ~  o.  The  rinjuircd  value  for  e,  the  order  of  the  Legendre  function, 
is  not,  in  general,  an  integer. 

Theoretical  calculations  show  that  the  CBT  has  uniform  acoudic  loading,  extremely 
low  sidelobes,  and  an  essentially  constant  beam  pattern  for  all  frequencies  above  a  certain 
cutoff  frequency.  Under  piezoelectric  dnve  the  transducer  has  a  flat  transmitting  current 
rcs|K>nac  over  a  broad  band.  In  addition,  the  CBT  has  virtually  no  nearfield  The  surface 
pressure  distribution  as  well  as  the  pressure  distribution  out  to  the  farfield  is  approximately 
equal  to  the  surface  velocity  distribution 

Although  the  previous  rc|x>rt  1 1  |  emphasized  the  transmitter  aspect*  of  the  CBT.  the 
concept  is  equally  applicable  to  receivers  The  concept  is  also  applicable  to  an  acoustically 
transparent  spherical  cap.  In  fact,  Trott  (2)  has  applied  the  results  presented  in  an  earlier 
unpublished  version  of  1 1  ]  to  the  theoretical  design  of  s  receiver  CBT  using  P]  (cos  0)  * 
cos  0  shading  on  an  acoustically  trmnsi»arrnt  hemispherical  cap.  However,  the  beam  pattern 
from  such  a  CBT  is  bidirectional,  containing  a  back  !ol>e  identical  to  the  front  lobe.  For 
this  reason,  we  will  not  consider  the  acoustically  trans(>arent  case  here. 

In  this  rc|>ort  we  develop  formulas  suitable  for  the  design  of  a  CBT  which  is  to  be  used 
as  a  transmitter  and/or  receiver.  The  transducer  consists  of  a  mosaic  of  pieces  of  piezo¬ 
electric  ceramic  bonded  to  a  layer  of  corprene  or  other  pressure  release  material  which  is,  in 
turn,  bonded  to  a  backing  plate.  The  formulas  involve  simple  algebraic  and  trigonometric 
expresaions  which  can  he  readily  evaluated  using  a  pocket  calculator.  They  are  baaed  on 
excellent  approximations  for  the  l.egendrc  functions  of  noninteger  order,  and  thus  avoid  the 
need  for  evaluating  these  rarely  encountered  function*.  We  obtain  formulas  for  the  required 
velocity  distribution,  limiting  beam  pattern,  directivity  index,  equivalent  two-way  beam 
widths  for  volume  and  surface  reverberation,  shading  coefficients  for  a  stepwise  implementa¬ 
tion  of  the  velocity  dtftnbution,  spherical  cap  size,  ceramic  mass,  bandwidth,  source  level, 
transmitting  voltage  and  current  response,  and  receiving  voltage  sensitivity. 


Manuscript  submitted  May  18,  1970 


1 


VAN  BURKN 


The  designer  of  a  I’BT  first  chooses  the  desired  beam  pattern,  diaractenied  by  either 
the  -  3  dB  half  angle  or  by  the  cap  half  angle,  which  is  also  the  theoretical  pattern  null.  He 
then  specifies  the  desired  source  level  and/or  receiving  voltage  eenaitivily  and  uaes  the 
formulas  in  this  report  to  calculate  the  required  CBT  design  together  with  it«  predicted 
acoustic  properties.  As  an  example  of  this  procedure,  we  conclude  the  report  with  the 
design  of  a  CBT  that  has  a  -  3  dB  half  angle  of  7°,  t  source  level  of  200  dB  re  lp  Pa  at  1  m, 
and  a  receiving  voltage  sensitivity  of  200  dB  re  1  V/p  Pa. 


VELOCITY  DISTRIBUTION 

The  key  to  the  special  projierties  of  the  CBT  is  its  surface  norma)  velocity  distribution 
if  0)  given  by 


if  0)  •  r,.(cos  0),  (Kflvi,,, 
H01  *  0,  0>a|., 


(11 


where  o(.  is  the  roro  of  tmsllcst  angle  of  the  l^egcndrr  function  (col  0).  We  showed  in 
Hof.  1  that  the  CBT  »e*d  not  extend  lieyond  o, ,  and  thus  can  be  constructed  as  a  sphencal 
cap  whoa'  half  angle  is  equal  to  o,  Consequently .  we  call  a,,  the  cap  half  angle,  although  in 
practice  the  actual  iap  half-angle  for  a  /’,  CBT  can  posaeaa  any  value  US u,..  The  order  »■  of 
the  Legendre  fun<  tion  can  t>e  chosen  to  Ih*  any  real  number  greaU*r  than  u- ro.  The  cor- 
re»|ionding  angle  a,  decrease*  monot<  locally  from  near  1K0  as  »•  increases  from  just  above 
rcro  However,  in  order  to  ohUun  the  reasonably  simple  design  formulas  presented  in  this 
re|>ort.  we  restrict  .  to  be  equal  to  or  greater  than  unity.  This  simultaneously  restricts  Q,.  to 
hr  equal  to  or  less  than  HI)  We  do  not  expect  this  restriction  to  he  of  any  consequence 
since  there  do  not  ap|x>ar  to  be  many  ( if  any!  sonar  applications  calling  for  a  CBT  with  a,, 
greater  than  90  If  such  applications  do  occur,  then  design  formulas  corresponding  to,  but 
more  complicated  than,  those  given  in  this  pajver  can  be  obtained  for  i<-  1 .  The  following 
approximation  for  a,  ,  in  degrees, 


137.796  0_045_ 

(v+0.6)  (!'♦(). 5)3 


(2) 


u  correct  to  within  0,03%  for  e>l .  We  present  in  Fig.  1  a  graph  of  av  as  a  function  of  v. 

We  also  include  a  graph  of  the  3  dB  half  angle  >•„,  i.e.,  the  value  for  0  such  that  Pf(c os  0)  * 
0.5.  The  following  approximation  for  y,„  in  degrees, 


64.640  0.103  ' 

(e*0.6)  (e+0.5)a 

-  m 


u  believed  to  be  correct  to  within  0.1%  for  v^l . 


(3) 


The  Legendre  function  Pv{mt  0)  is  a  monotonirally  decreasing  function  of  0  in  the 
range  In  Fig.  2  we  show  r,,(cos  0)  over  this  range  for  v  -  6,  7.5,  and  10.0.  The 

function  P,.(c os  0)  can  he  evaluated  to  any  desired  accuracy  by  use  of  its  hypergeometrie 
expansion  in  ( 1  -  cos0)/2.  Fortunately ,  use  of  this  expsnsion  is  unnecessary  for  our 
purposes  Sufficiently  sccurate  values  over  the  range  can  be  obtained  using  the 
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Kg  1  VarxtHin  uf  ihr  cap  K*lf  angle  at  and  thr  3  dB  half  angle  _v(  at  a  function 
of  Ihc  Legendre  function  order  r 


following  excellent  approximation  in  term*  of  the  seroth  onlcr  cylindrical  Ressel  function 
of  the  first  kind 


Pt,(co»0)  >-  1*0/(180  sin  0)|W2  J0(2  40480  o,.).  (4) 

with  both  0  and  av  given  in  degree*.  For  r  "  1 ,  th>-  error  in  F-q.  (4)  is  leas  than  0.1%  for 
Os.0n.35°.  lea*  than  0.2%  for  35°  <0<55".  and  le*a  than  0.4V  over  the  remainder  of  the 
range  55°<0v9O°  The  error  decreases  rapidly  with  inn  eating  r 

For  large  value*  of  e,  the  range  of  0  it  small  and  the  factor  |  *0/(  1 80  am  0) ) 1 ,2 
approaches  unity  and  can  he  discarded .  Thus  for  large  e.  we  obtain  the  simpler  approxima¬ 
tion 


PyivotO)  =■  2.40480  /o„).  (5) 

Graphs  otP„(co»0)  and  J0(2.4048fl/a,,)  as  a  function  of  0/a,,  are  shown  in  Fig.  3  for 
v  •  1  and  2  The  agreement  between  ./o(2.4O480,'ar)  and  P^lcos  0)  for  Ov/ZVo,,  improves 
rapidly  with  increasing  e,  being  reasonably  good  at  v  •  1  and  very  good  for  v  ■  2.  Graphs 
of  the  cloarr  approximation  given  by  Kq.  (4)  for  i  "  1  and  2  woukl  be  indistinguishable 
from  the  curve*  shown  in  Fig.  3  for  Pj(co»  0)  and  Pa( cos  0),  respectively.  Accurate 
numerical  values  for  the  Bessel  function  J0(x)  can  either  he  calculated  using  the  polynomial 
approximations  given  in  Abramowitz  and  Stegun  (3)  or  obtained  from  tables  such  as  those 
given  in  Refs.  4  and  5. 
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We  obtain  from  Eq.  (4)  with  v  ■  1 : 


P^coaOl  -cosO  ^  l»0/<  180  tin  0)| 1/2  </0(2.4048  0/90),  (6) 


for  Ovilva,  -  90°.  We  can  invert  this  equation  to  provide  the  following  approximation  for 


sin(9Qjt/2.4048 

xx/4.8096 


1 


t  n 

cos  (9Qx/2  4048), 


(7) 


where  the  arguments  of  both  sin  and  cos  are  in  degrees.  The  relative  error  in  this  approxima 
tK>n  increases  monotonically  from  0%  to  a  maximum  of  almost  0.4%  as  x  increases  from 
zero  to  just  below  the  first  root  of  Jq(x)  at  x  m  2.4048.  As  x  increases  from  just  above  the 
fust  root  to  a  value  near  »,  the  relative  error  decreases  monotonically  from  nearly  0.4%  to 
less  than  0.01%.  Beyond  x  *  *,  the  relative  error  increases  rapidly ,  being  0.4%  sir*  3.35 
and  4.7%  at  x  “  4.0. 


We  can  substitute  Jq  from  Eq.  (7>  into  Eq.  (4)  to  obtain  the  following  approximation 

<  i At  A  -  w* a  _  _  #  a :  - a  . :  _  # -  a  ; 


W  1  ’ 

for  Pj,  (cos  0).  0<2><rfij,.  in  terms  of  trigonometric  functions 


P  (cot  0)  - 


sin  (90  0/o.. I 
(90/a(  )  un  0 


1 1  n 


cos  (90  0  \>  ), 


(8) 


where  again  the  arguments  of  sin  and  cos  are  in  degrees.  Because  of  the  nature  of  its  deriva¬ 
tion,  this  approximation  is  exact  for  »•  ■  1 .  For  i>l  and  0 <0<ai,,  the  approximation  it 
always  somewhat  larger  than  Pjcot  0».  The  relative  error  for  all  i>  l  inerrase*  as  0  ap¬ 
proaches  o,.  and  reaches  a  maximum  of  less  than  0.4%  for  values  of  0  just  less  than  c^..  We 
helieve  that  the  approximation  given  in  Kq  (81  is  quite  adequate  for  most  purposes  in 
designing  a  CBT. 


BEAM  PATTERNS 

The  beam  pattern  g(0)  of  a  Pv  CBT  approaches  the  normal  velocity  distribution  in  the 
limit  of  high  frequency.  Thus,  the  limiting  pattern  is  rotationally  symmetrical,  has  a  maxi¬ 
mum  in  the  direction  of  the  axis  of  the  spherical  cap.  decrease*  monotonically  to  zero  at 
the  cap  half  angle  a,.,  and  is  equal  to  zero  for  $>0^ ..  Approximations  for  both  the  pattern 
null  ay  and  the  -  3  dB  half  angle  yK  in  terms  of  v  were  given  as  Eqs.  (2)  and  (3),  respectively, 
in  the  second  section.  Approximations  for  the  velocity  distribution  given  by  Eqs  (4),  (5), 
and  (8)  in  the  Introduction  are  also  appropriate  for  describing  the  limiting  beam  patterns. 

As  the  frequency  decreases  from  high  to  low  values,  the  CBT  beam  patterns  tend  to 
resemble  the  high  frequency  limit  less  and  leas.  The  highest  frequency  below  which  the 
resemblance  is  less  than  acceptable  Is  called  the  low-frequency  cutoff  fc.  A  general  rule 
of  thumb  for  the  cutoff  frequency  fe  In  klls  is  given  by 

fe  -c|1.10*  <24.6/>v»/<l500  6),  <9a) 
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where  c  it  the  found  speed  of  the  surrounding  fluid  m  m/sec,  b  it  the  half -suo length  (i.e., 
radius)  of  the  spherical  cap  in  meters,  and  y^,  it  in  degrees.  By  uae  of  Eqa.  (2)  and  (3)  we  can 
alternately  express  4>n  terms  of  the  cap  hall  angle  av  in  degrees  by 

/’r*c|1.10Mft2.B/al,Ml'  7.79  x  10"®<eva>|  /(1 500  6).  (9b) 

or,  in  terms  of  the  Legendre  function  order  v  by 

ft  iscll.10  ♦  0.381  (*  ♦  0.6){l  -  O.lOinv  *  0.6)J  1 1 /{ 1 600  6).  (9c) 

If  o  is  the  radius  of  curvature  of  the  cap,  then  b  *  toav/ 180. 

Since  Eqs.  (9a)  to  (9c)  are  only  general  rules  of  thumb,  we  use  a  value  of  1600  m/sec 
for  the  sound  speed  c  when  calculating  fc  for  a  CBT  to  be  used  in  water,  even  though  the 
actual  sound  speed  of  the  water  might  be  somewhat  different  than  this.  The  cutoff  fre¬ 
quency  fr  and  the  inverse  of  the  cap  radius  scale  together.  We  define  as  the  frequency 
constant  for  a  CBT  radiating  into  water  the  quantity  Fy  »  ftb  •  1 .10  *  (24.6/y„).  A  graph  of 
the  behavior  of  the  frequency  constant  t\.  as  a  function  of  the  -  3  dB  half-angle  yv  is  shown 
in  Fig  4  We  note  thst  the  definition  for  fc  given  sbove  differs  slightly  for  low  v  from  that 
given  in  Ref  1  The  difference  is  only  1 .4**  st  »-  •  1  and  decreases  rapidly  with  increasing  y. 
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The  choice  of  the  frequency  below  which  the  beam  patterns  are  unacceptable  is  a 
subjective  one  and  depends  strongly  on  the  applications  that  the  user  has  in  mind  for  the 
CBT.  As  an  example,  we  show  in  Tig.  &  calculated  beam  patterns  for  a  P2  75  CBT  The 
-  3  dB  half  angle  for  P21b  is  20°.  The  beam  pattern  at  10  fc  is  indistinguishable  from  the 
P2  75  velocity  distribution.  The  beam  pattern  at  3  fc  for  angles  less  than  about  32°  is 
nearly  identical  with  that  at  10  fe%  however,  the  two  patterns  differ  somewhat  for  larger 
angles.  The  same  is  true  for  2  fc,  although  the  deviation  from  the  10  fe  beam  pattern  for 
6>32®  ia  more  substantial.  As  the  frequency  is  decreased  below  2  fe,  we  begin  to  see  e 
significant  deviation  from  the  10  ft  beam  pattern  for  0>32°.  The  deviation  for  angles 
above  32®  appears  to  increase  reonotonically  with  decreasing  frequency,  however,  the 
deviation  below  32u  is  greater  at  1 .2  fc  than  at  fe  or  0.8  fc .  Examination  of  the  extrema 
curves  presented  in  Ref.  1  for  P5,  Pf  5,  and  P 1(>  CRT's  suggests  that  the  portion  of  the 
beam  pattern  around  the  -  1 0  dB  angle  changes  leas  with  frequency  than  any  other  part  of 
the  pattern.  Thus,  if  we  are  primarily  concerned  with  the  constancy  of  the  beam  pattern 
for  angles  less  than  the  - 10  dB  angle,  and  only  require  that  there  be  no  substantial  sidelobes 
for  higher  angles,  then  the  cutoff  frequency  for  P2  7 j,  can  be  chosen  as  low  as  0.8  f( .  On 
the  other  hand,  J  constancy  of  the  beam  pattern  for  larger  angles  u  required,  then  the  cut¬ 
off  frequency  must  be  chosen  somewhat  larger  than  ft. 


e* 


.80* 
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For  additional  information  on  the  variation  of  the  CBT  beam  pattern*  with  frequency , 
we  reproduce  here  the  extrema  curve*  given  in  Ref.  1 .  Figure*  6,  7,  and  8  thow  the  calcu¬ 
lated  range  of  beam  pattern*  for  a  Ph  CBT,  a  P7  5  CBT,  and  P10  CBT,  reapecUvely,  both  for 
frequence*  above  the  cutoff  frequency  ft  (indicated  by  the  total  (haded  region)  and  for 
frequencie*  above  2  ft  (indicated  by  the  dark  ihaded  region). 


iso*  ncr  iso*  0  o*  ro*  so* 


swk^i  CBT  \ 

!  CZ3 1 1  f  e  \ 

1  man  nc 

XW 


"v  /  * 

(j&hA 


.  1  l  l  \  \  -S.  J 


6  —  Rin|«  n(  Beam  panama  lor  f,  CBT  for  f>(f  (total 
ahadad  arm)  and  f> 2  !t  (dark  ahadad  ina  only) 


h:'  »a  t  iv—  v  cO-  ?o-  >0- 

i  '  '  *  T  ••»•••  * - 1 

P79CBT  j, 


c:rj  1 :  te 

C3f>2fc  \ 


tOdB  . 


J... 


-  Rang*  of  bnm  pal  lam*  for  f,.  CBT  for  (total 
ahadad  arra )  and  f  (dark  diadad  ina  only) 
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J40*  MO*  S»0*  0  XT  W  JO* 


Pig  8  —  Rang*  of  him  pattern*  for  P10  CRT  for  f>ft  (total 
ihtM  an  and  f> 3  ft  (dark  ah*d*d  an  only) 


In  the  next  three  arction*  of  thu  report  we  will  denve  (for  the  limiting  beam  pattern*) 
excellent  approximation*  for  the  directivity  index  and  for  both  the  aurface  and  volume 
reverberation  two  way  beam  width*  of  the  CRT 


DIRECTIVITY  INDEX 


The  directiv-ty  index  1)1  for  a  CBT  la  given  by 


/)/•-  10  log, 0 


»of/iao 

J *  P^coa  9)  ain  Odd 

o 


(10) 


Rewriting  Eq.  ( 4)  *o  that  0  t*  tn  radwini,  aubatituting  the  retultlng  expreacion  for  l\(co*  d) 
into  Eq.  (10).  and  integrating  exactly,  we  obtain  the  approximation 


Df  ^“10tog10!0.25faavV,J(2.4048)/(180)a). 


or 


<11«> 


0/  =  -  20  )og10  a„  ♦  46.88, 


with  a „  in  degree*. 

We  can  alternately  expreaa  the  reault  In  term*  of  v  by  uae  of  Eq.  (2)  to  give 

1)1  =*  20lo*,0(v  ♦  0.6)  ♦  4.09  ♦  (0.391/<i'  ♦  0.6)*  J.  (lib) 
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Kq».  (3)  and  (lib)  ran  then  be  uaed  to  obtain  the  eormponding  exprr«ion  for  Dl  in 
term*  of  the  -  3  dB  half  angle  y„  in  degree*: 

Dl*  -20  log, 0  yy  ♦  40.29  ♦  3.09  X  10' \v/.  (11c) 

All  three  approximation*  are  accurate  to  within  0.1  dB  for  ►•),  and  inert aae  rapidly  in 
accuracy  with  increasing  v.  We  show  in  Fig.  9  a  graph  of  the  directivity  index  aa  a  function 
of  the  -3  dB  half  angle  yy. 


*  *  -b  '  h'  V  ’  H>  *0 

,,  lOLiRfES; 

Kf  9  |)if»rtiTHy  indr»  l>l  in  dB  m  •  function  of  Ihr  3  dB 
half  *pfl#  y  in  i)nrn» 


VOMJMK  REVERBERATION 


Volume  reverberation  u  charactcnaed  by  an  equivalent  two-way  beam  width.  The 
integral  expreeoon  for  thu  quantity  (*re  e.g.,  R  J  I'nrk  (6| )  l* 


b{O,0)  b'  [0,0)  ain  Odddd, 


(12) 
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where  6(0,$)  and  6'  (0.$)  are  the  beam  pattern*  of  the  projector  and  receiver,  respectively, 
and  (0,#)  an  the  standard  sphehral  angles  with  the  i  axis  being  the  principle  direction  of 
radiation.  For  the  caae  when  6(0, $)  ■  6’  (0.$)  •  P^icot  0|,  we  have 

•0,,/iao 

i  •  2r  J  Pv* {cot  0)  tin  Odd.  (13) 

0 

We  rewrite  the  approximation  for  /*„( co*  0)  giver,  in  Eq.  (&)  to  that  0  is  in  radiant  and 
substitute  into  Eq.  (13).  Replacing  tin  0  by  0,  expanding  ln  the  first  3  terms  of  its 
IHiwcr  tenet,  multiplying  out  J0*{x),  integrating  the  result  term  by  term,  and  adding  a 
correction  term  necessary  for  low  v,  we  obtain 

*  ■>  0.000147a,2  (1  «  6.84  X  10flo,2).  (14) 

where  i»  in  degree*  We  can  also  ct(>rets  thu  in  term*  of  the  -  3  dH  half  angle  y,  in 
degrees: 


v  *  0.000670V,  2(1  -  3.6b  X  10  \v,2>. 


(15) 


or,  espremaed  in  dH, 


10log,0  w  ->  20  log1Q  y,  -  31 3  *  15»>  10  (16) 

I  hi*  result  i*  nearly  identical  to  that  for  a  circular  plane  array  (circular  pi#tnni  in  an 
infinite  rigid  baffle.  The  inaccuracy  in  the  approximation*  given  m  Eq*  ( 141  and  ( 15)  u 
let*  than  l1*,  while  that  of  Eq.  (16)  is  lets  than  0  1  dH 


SURFACE  REVERBERATION 

Surface  reverberation  is  characlcmod  by  s  <»rrc*|K>nding  two-way  beam  width  4* 
given  by  the  integral  expression 


«j»  . 


/ 


In 

6(0.$|6'(0.$W$. 


For  a  Pv  CRT  pnijrctor  and  receiver 


2 


/  1B0 

Py* { cot  fl)dO . 


(17) 


(18) 


Use  of  the  procedure  described  shove  In  the  previous  section  for  obtaining  Eq.  ( 14)  lead* 
to  the  following  approximation  for  d1,  accurate  to  within  1%: 


♦  *0.01230,(1  ♦  7.93  X  10  6o,2). 


(19) 
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with  Qt  in  degree*.  We  can  alternately  express  <t>  in  dB  accurate  to  within  0.1  dB  In  term*  of 
the  -3  dB  half  angle  y(1  in  degrees: 

10log)0  *  *  101or10  y„-  13.8-  9.77  X  10  6y„2.  (20) 

This  result  it  about  3  dB  lower  than  the  value  quoted  for  the  circular  plane  array  by  Urick 
(6)  in  hu  Table  8.1 .  However,  a  dote  mipection  of  the  problem  reveals  that  Urick'i  value* 
for  10  log10  *$>  for  the  circular  plane  array,  the  rectangular  array,  and  the  horisonta)  line  are 
all  in  error  by  3  dB.  Thu  it  probably  due  to  a  factor  of  2  error  in  the  transcription  by  Urick 
of  previous  retutU  expmaed  in  term*  of  a  avrfacr  reverberation  index  Jt  This  surface 
reverberation  index  wat  defined  to  be  J,  *  10  k>gt0  ( <3* /2 w > ,  at  opposed  to  the  volume 
reverberation  index  JK.  -  10!og10  (v/4«). 

Evaluation  of  the  surface  reverberation  for  nonxero  value*  of  0  u  more  difficult  than 
for  0  •  0.  Simple  e*pretaiont  are  not  likely  to  exut  for  thit  case.  Numencal  integration 
appear*  neerwary  for  each  desired  value  of  0  shd  »•.  however,  the  simplest  case  of  v  ■  1  can 
be  solved  analytically  and  yield* 

‘hid  -  0Q)  ■  cot  <0O  4>(9  -  0). 


or  (21) 

<t><0o)-#>*(cos0o)*<O). 

or.  in  dB. 

10lo*l0  ♦<°0)  ’  10  log|0<*»(0)e  40  !<>*,„/»,  (cos  ®0).  (22) 

Baaed  on  thu  result,  we  might  expect  that  the  more  general  expression 

lOlogjo  4*(0o)  -  10!og,0  4><0)  ♦  40  lug|0  P„(cos0o)  (23) 

u  a  good  approximation  for  small  values  of  0O . 

IMPLEMENTATION  OF  THE  VELOCITY  DISTRIBUTION 

At  stated  earlier,  the  special  radiation  properties  of  the  CBT  result  from  the  presence 
of  a  normal  velocity  distribution  over  the  outer  surface  of  a  spherical  cap  given  by  u(0)  * 
/Vicos  0)  for  0v9  v.o(.  and  i-(0)  -  0  for  0  >  a „.  The  cap  half  angle  must  be  at  least  as  large 
as  o,. ,  to  minim'rr  the  *>xc  and  weight  of  the  CBT  we  choose  the  cap  half  angle  equal  to  ov. 

A  cross-sectional  view  of  the  spherical  cap  for  a  CBT  ts  shown  in  Fig.  10. 

The  most  obvious  choice  for  the  transduction  material  in  the  CBT  is  a  piexoelectric 
ceramic  such  as  lead  titanate  r.irconate.  In  order  to  obtain  good  piexoelectric  activity  and 
also  to  prevent  exceanve  dielectric  heating  of  the  ceramic  under  high  power  and/or  targe 
duty  cycle  operation,  we  can  use  the  ceramic  composition  PZT-4  manufactured  by  Brush- 
C'levite,  or  a  similar  composition  such  u  Channel  3400  manufactured  by  Channel  Industries, 
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10  -  Cross +*ct  tonal  r»*w  of  th* 
ipK*rtcal  cap  for  a  CBT  Arrow*  tndi 
cat*  th*  retail**  turfaca  Telocity  dlatrtbu 
lion  Th*  cap  rsdliu  b  U  tnaaauiwd  on  th* 
outer  epherKel  turf  ace 


s^wtaiCAt  can 


Inc.,  and  TCI"<4  manufactured  by  Mannr  Resources,  Inc.  For  very'  high  power  applications 
where  PZT-4  might  overheat,  we  can  cubalitute  a  very  low -loan  composition  like  PZT-8, 
although  this  ceramic  is  leu  active  than  PZT-4. 

Experimental  reaulla  show  that  it  11  difficult  if  not  im|>oitit>lr  to  control  the  velocity 
distribution  over  a  spherical  cap  conuslmg  entirely  of  a  tingle  piece  of  piezoelectric  ceramic 
The  presence  of  a  variety  of  mechanical  vibration  modes  in  the  ceramic  cap  product's  a 
velocity  distribution  that  is  mghly  frequency  dependent  We  can  avoid  thu  problem  by 
subdividing  the  ceramic  cap  into  small  pieces.  We  choose  the  lateral  dimensions  of  each 
individual  ceramic  piece  small  enough  so  that  there  are  no  lateral  vibration  modes  in  the 
frequency  band  of  o|ieration  that  are  sufficiently  excited  to  tgwificanily  affect  the  normal 
velocity  of  the  piece.  We  also  choose  the  thickness  of  the  ceramic  pieces  »o  that  the  lowest 
thickness  mechanical  resonance  occurs  well  above  the  maximum  o|>eraling  frequency  The 
resulting  mosaic  can  be  attached  to  a  backing  plate  that  u  mechanically  rigid  enough  to 
maintain  the  aha|>c  of  the  spherical  surface  under  o)*erating  conditions. 

It  u  desirable  to  mechanically  and  acoustically  isolate  the  ceramic  from  the  backing 
plate  by  a  thin  layer  of  decoupling  or  prcuurc -release  material  such  as  corprene.  This 
prevents  the  hacking  plate  from  vibrating  and  producing  undeauinl  acoustic  radiation  in  the 
hackwajrd(f)  *  1 80^ )  direction  It  also  prevents  the  normal  velocity  distribution  from  bemg 
adversely  affected  by  mechanical  resonance*  that  might  otherwise  be  e  xcited  in  the  backing 
plate.  We  can  also  eliminate  undeaired  acoustic  radiation  from  the  edges  of  the  piezoceramic 
pieces  by  covering  them  with  small  strips  of  corprene 

We  believe  that  corprene  can  be  used  as  a  decoupling  material  up  to  a  water  depth  of 
300  m  without  incurring  significant  changes  in  performance  of  the  CBT.  W  hen  the  water 
depth  is  greater  than  300  m,  however,  the  corprene  is  suostanitally  com  pressed  by  the 
ambient  water  pressure  and  liecomes  loo  stiff  to  be  effective  in  decoupling  the  ceramic  from 
the  hacking  plate.  Other  decoupling  materials  suffer  from  similar  limitations.  If  the  required 
water  depth  is  too  great  for  a  pressure -release  material  to  be  successful  in  decoupling  the 
ceramic  from  the  backing  plate,  the  backing  plate  probably  must  be  made  nearly  acous¬ 
tically  rigid  in  order  to  prevent  substantial  acoustic  radiation  in  the  backward  direction.  In 
this  case,  the  backing  plate  can  no  longer  be  lightweight  hut  must  be  made  of  material 
with  a  large  maas density -aound  speed  product  such  as  steel  or  tungsten.  We  assume  in  this 
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report  that  the  operating  depth  requirement  doe*  not  preclude  the  uae  of  a  decoupling 
material .  The  detign  of  a  CBT  suitable  for  ojienting  at  greater  water  depths  will  be  deferred 
for  future  study. 

The  inner  and  outer  surfaces  of  the  ceramic  pieces  are  electroded  so  that  a  suitable 
voltage  can  be  applied  across  them.  For  maximum  electromechanical  coupling,  each 
ceramic  piece  is  polarised  through  its  thickness.  The  resulting  normal  velocity  distribution 
over  the  surface  of  each  piece  is  assumed  to  be  reasonably  constant.  We  can  stepwise 
approximate  the  continuous  velocity  distribution  v{6)  •  Pv{ cos  0)  by  driving  each  ceramic 
piece  with  a  voltage  whose  magnitude  is  proportional  to  the  average  value  of  P,,(cos  0)  over 
its  outer  surface.  Since  the  desired  CBT  velocity  distribution  u  rotationally  symmetrical, 
we  first  subdivide  the  spherical  cap  into  N  hands,  with  constant  0  boundaries.  A  natural 
subdivision  scheme  to  use  is  one  with  equal  angular-width  bands.  Numerical  calculations 
show  that  subdivision  into  10  bands  of  equal  angular  width  results  in  excellent  constant 
beamwidlh  behavior  over  a  large  frequency  range  extending  from  the  low  cutoff  frequency 
fc  for  the  continuous  velocity  distribution  to  an  upper  frequency  limit  fu  that  depends  on 
the  size  of  the  bands.  Alternatively,  we  can  subdivide  the  rap  into  N  bands  of  equal  area. 

Wc  determine!  that  eight  equal  area  bands  are  sufficient  to  produce  constant  beamwidlh 
behavior,  although  the  top  2  bands  are  so  much  wider  than  the  lower  6  hands  that  they 
probably  require  further  subdivision  to  suppress  |>o**ihle  lateral  plate  modes  in  the  ceramic. 
Because  of  the  ne»-d  to  suppress  lateral  plate  modes,  we  recommend  that  the  CBT  be 
sulidivided  into  at  least  10  bands  whose  angular  widths  are  reasonably  close  to  being  equal. 
However,  if  lateral  plate  modes  are  not  a  problem,  any  subdivision  scheme  is  acceptable 
as  long  as  there  are  at  least  8  hands,  none  of  which  poaaraacs  both  an  angular  width  greater 
than  0.1  a,  and  an  area  greater  than  0.1 25  times  the  area  of  the  cap. 

The  up|wr  frequency-  limit  fu  for  a  stepped  velocity  distribution  exists  because  the 
center  of  the  farfield  pattern  for  the  acoustic  radiation  from  a  uniformly  vibrating  band  on  a 
sphere  exhibits  interference  maxima  and  minima  aa  a  function  of  frequency.  These  extrema 
occur  when  the  projected  height  of  the  band  along  the  axis  of  the  cap,  i.e.,  along  the  x  or 
I>olar  axis  in  iphencal  coordinates,  equals  an  integral  number  of  half  wavelengths,  m>/2. 

Odd  values  of  m  correspond  to  maxima  and  even  values  correspond  to  minima.  A  discussion 
of  this  effect  is  given  in  Ref.  1 ,  although  it  was  erroneously  stated  there  that  odd  values  of 
m  correspond  to  minima  and  even  values  correspond  to  maxima. 

Thus,  the  central  part  of  the  radiation  pattern  for  a  CBT  consisting  of  N  uniformly 
shaded  bands  may  differ  substantially  from  the  desired  constant  beamwidlh  pattern 
when  the  frequency  is  high  enough  for  one  or  more  of  the  individual  hands  to  exhibit  inter¬ 
ference  extrema.  The  band  with  the  largest  projected  height,  which  is  also  the  band  with  the 
largest  area,  has  the  lowest  extrema  frequency.  A  conservative  rule  of  thumb  for  the  upper 
frequency-  limit  fu  **  *  times  the  frequency  of  the  first  maximum  ( m-1 )  for  the  band  of 
largest  area,  excluding  those  bands  for  which  the  value  of  Pi\oot6)  is  leas  than  0.2.  We  can 
express  this  rule  of  thumb  mathematically  by 

(u  -  0.018ov2  Af/|(ov  *  47.7 HcouO,  costf^)),  (24) 

where  fu  and  ft  are  in  the  same  units,  the  cap  half  angle  a*,  is  expressed  in  degrees,  and  0 ^ 
and  0U  are  the  lower  and  upper  angular  limits  of  the  relevant  band. 
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The  interference  effect!  described  above  are  predicated  on  an  ideal  geometry  and  a 
uniform  velocity  distribution  across  each  band.  The  extrema  might  not  be  very  pronounced 
in  the  real  world  of  nonideal  geometries  and  nonuniform  velocity  distributions.  In  this  case, 
the  transducer  could  possess  good  constant  beamwtdth  properties  well  above  the  frequency 
fM .  To  be  on  the  safe  side,  however,  we  recommend  subdivision  into  as  many  bands  as  are 
required  to  raiae  fH ,  as  calculated  from  Eq.  (24),  above  the  highest  desired  operating  fre¬ 
quency  .  Other  factors  providing  an  upper  frequency  limit  for  the  CBT  are  diacuaaed  in  the 
section  called  "Band width.*' 


For  a  closely  packed  array  each  band  is  then  driven  with  s  voltage  F.,,  1  -  1,  2,...  N, 
proportional  to  the  average  of  the  velocity  distribution  over  the  ith  band,  i.e., 


K,  ■  >, 


(cos  0 )  sin  OdO , 


(26) 


where  and  0 ^  are  the  upper  and  lower  bounds  on  0  for  the  ith  band,  B  is  the  constant 
of  proportionality,  and  <  >(  denotes  the  average  over  the  ith  band.  The  quantity  is  the 
solid  angle  subtended  by  the  ith  band  and  is  equal  to  2s(cos  0 Ll  -  cos  0U1). 


We  can  evaluate  this  integral  exactly  to  give 

o*0LiPtf[cxn0l ,)-  P,,  ,(cosOui)  *  cos 0U)  P„(coa 04 


- 


i\eotOfi  -  cos  (1^1 


1 


(26) 


Numencal  tables  of  l>*gondre  functions  of  noninteger  order  are  not  readily  available,  there¬ 
fore.  we  express  F,  in  a  trigonometric  senes  by  substituting  into  Kq.  (25)  the  hyper- 
geometric  expansion  of  P,.(cos  0)  in  terms  of  ( 1  -  cos  0)1 2  and  integrating  term  by  term. 
This  gives 


V1  ( :  I»rJL> 

r!(r  ♦  l)!P(i>  -  r  ♦  l)2r 


cos  -  cos  04 


r  -  0 


(27) 


(1  ros  0WV  *  ’  -  <1  -  cos0t)>'  *  1 


where  the  ratio  of  gamma  functions  !'(»’  ♦  r  ♦  1  )/P(v  -  r  ♦  1)  equals  unity  for  r  -  0  and 
equals  the  following  finite  product  otherwise. 


Hf  ♦  r  ♦  D/He-  r  ♦  1)  -  (i*  -  r  ♦  !)(»»  -  r  ♦  2)  ...  (»■•  +  r),  r  *  0.  <28) 


It  is  seen  from  Eq.  (28)  that  the  ratio  of  gamma  functions  equals  zero  when  f  Is  an 
integer  and  r>s>.  In  this  case  the  Legendre  function  Pv(cos  0)  is  a  polynomial  of  order  v  ao 
that  its  integral  and  thus  the  series  of  Eq.  (27)  is  a  polynomial  of  order  v  *  1.  For  v  unequal 
to  an  integer  the  arnet  converges  rapidly  since  cos  0Ll  and  cos 0ul  are  usually  quite  cloae 
to  each  other  and  to  unity.  Convergence  to  4  decimal  digits  rarely  requires  more  than  6  or 
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7  term*  in  the  scries.  There  are  no  Approximations  involved  in  Eq.  (27),  therefore,  the  error 
in  E(  can  be  reduced  to  any  desired  value  by  taking  enough  terms  in  th-'  aeries.  However, 
extreme  accuracy  is  unnecessary.  Theoretical  calculations  show  that  inaccuracies  in  shading 
much  greater  than  1 .0%  are  easily  tolerated  without  significant  changes  in  the  radiation 
properties  of  a  CBT. 

We  assumed  above  that  the  entire  outer  surface  of  the  cap  from  0  •  0  to  0  •  c^,  was 
covered  with  N  distinct  bands  of  ceramic.  To  suppress  possible  lateral  mechanical  modes  in 
the  ceramic,  we  subdivide  each  band  into  a  number  of  sufficiently  small  pieces  whose  width 
(extent  in  the  $  direction)  and  height  (extent  in  the  0  direction)  are  comparable.  We  then 
connect  all  the  pieces  in  each  band  electrically  in  parallel.  This  procedure  results  in  each 
ceramic  piece  being  driven  with  a  voltage  proportional  to  the  average  value  of  Pv  (cos  0)  over 
the  band  in  which  it  is  located  instead  of  the  average  value  over  the  outer  surface  of  the 
piece  itself.  We  choose  to  connect  the  ceramic  pieces  in  parallel  in  order  to  optimise  the 
performance  of  the  CBT  as  a  projector.  Wh'  n  the  CBT  is  to  be  used  both  as  a  projector  and 
a  receiver,  or  as  a  receiver  alone,  it  u  preferable  to  use  alternative  electrical  configurations 
involving  both  senes  and  |>arallet  connections.  We  refer  the  reader  to  the  final  paragraph* 
of  the  section  called  "Source  Level,  Transmitting  Voltage  and  Current  Responses,  and 
Receiving  Voltage  Senutivity"  for  a  discussion  of  these  alternatives. 

If  the  outer  cap  surface  i*  not  entirely  invent!  with  ceramic,  then  the  required 
voltage  shading  values  Ej  are  obtained  by  dividing  the  expressions  given  above  in  Eqt.  (25) 
to  (28»  by  the  packing  fractions  F,  to  obtain  Ej  •  F.,IF, .  The  packing  fraction  F,  is  defined 
to  be  that  fraction  of  the  area  of  the  ith  har  d  that  is  covered  by  ceramic.  If  a  gap  in  the 
ceramic  exists  I >e tween  neighboring  bands,  say  between  the  ith  and  the  <i  ♦  1  >  bands,  then 
both  the  lower  bound  6t  .  ,  on  the  upper  hand  and  the  upper  bound  0UI  on  the  lower 
band  should  be  assumed  to  lie  exactly  in  the  middle  of  the  gap.  If  it  is  necessary  to  leave 
significant  gaps  between  ceramic  pieces,  the  gaps  should  be  filled  with  a  nearly  mechanically 
ngid  material  such  as  lung-ten  Of  course,  the  edges  of  the  ceramic  pieces  should  still  be 
covered  with  small  strip*  of  corprene  to  eliminate  edge  radiation.  We  strongly  encourage  the 
designer  of  a  CBT  to  use  a  close-packed  ceramic  mosaic.  This  avoids  the  need  for  filler 
material  and  provides  the  maximum  probability  of  success. 

The  required  voltage  values  E,  can  be  obtained  experimentally  by  several  methods. 

One  method  is  to  use  individual  phase-locked  amplifiers,  one  for  each  band.  An  easier 
method  u  to  connect  s  shading  capacitor  suitable  for  power  applications  in  senes  with 
each  of  the  bands  except  the  first  or  topmost  band,  and  then  to  connect  xll  of  the  band- 
capacitor  combinations  in  parallel  with  the  first  band.  A  single  power  amplifier  is  then 
sufficient  to  drive  the  entire  CBT  mosaic.  The  capacitors  set  as  voltage  dividers  to  provide 
the  desired  voltage  values.  It  is  convenient  to  normalise  the  set  of  values  F.\,  I  m  1,2,. ..N, 
by  E j  and  call  the  resulting  numbers  u?,  '  F.\lF\  *  F j  E,/(EjEj  ),  i  “  1,2,  S,  the  CBT 
shading  coefficients.  The  required  shading  capacitance  values  C,  for  bands  2,  3, ....  N  are 
given  in  terms  of  w,  by 


C.-Cfy/(1 


u^). 


(20) 
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when  cf  is  the  street-free  cenmk  capacitance  of  the  ith  band.  For  the  usual  case  where  all 
the  ceramic  pieces  in  the  ith  band  an  of  uniform  thickness  1 1  and  cover  a  combined  area  on 
the  spherical  cap  equal  to  ■  Fp4(b*/(»aa£/(180)a) .  with  At  •  2s  (cosfl^  -  cos  0ui), 

we  have  (neglecting  fringing  fields) 

Kl.faFAb2 

.  — 3.3  0. 1J -  (30) 

i,l*2oJ/(180)aJ 

Hen,  a „  is  in  degrees,  Kfj  is  in  the  stress-free  relative  dielectric  constant,  and  e0  - 

8.85  X  10‘ 12  F/m  is  the  dielectric  constant  of  free  space.  For  PZT-4,  AC  I",  is  approximately 

equal  to  1300. 


SIZK  AND  MASS 

In  order  to  determine  the  radius  b  of  the  sphencal  cap  (i.e.,  the  half  arclength,  not  to 
be  confused  with  the  radius  of  curvatun  a  of  the  cap)  required  for  a  CBT,  we  need  first  to 
specify  the  desired  beam  pattern.  Typical  choices  for  specifying  the  beam  pattern  an  the 
3  dB  half  angle  yy  or  the  total  beam  half  angle  Thr  order  v  of  the  Legendre  function 
shading  corresponding  toy,. or  a„  can  be  calculated  using  the  following  approximations 
(accurate  to  antlun  U  It  for  <^,<.90°  and  y^>»460): 


„  *  ♦  2.26  X  10  5y*  j  -  0.6 

^  .  2.43  X  10  «o^  '  0  5 


We  must  next  siiecify  the  lowest  desired  operating  frequency  f(  of  the  CBT.  We  can 
now  calculate  the  required  cap  radius  in  meters  by  use  of 


,  1 .10  ♦ 


«1600f,) 


b  >-r|l  10M62.&/a4,)<l  -  7.79  X  10  «a£)J /<1500/f),  (32b) 

where  the  sound  speed  c  of  the  sunounding  fluid  is  in  m/s,  ft  is  in  kHz,  snd  yv  and 
are  in  degrees. 

The  required  thickness  of  the  ceramic  does  not  depend  on  fr%  and  consequently  not 
on  the  rap  radius  h  Thus,  the  total  mass  of  ceramic  increases  linearly  with  area.  We 
assume  in  this  section  that  the  entire  spherical  cap  0<0«io.,  is  covered  with  ceramic.  The 
area  of  a  sphencal  cap  of  half  angle  a,,  is  given  by  V  ■  2*o*(l  cos  ay),  where  a  is  the  radius 
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of  curvature  of  the  cap.  We  can  approximate  the  cap  area  by  ita  upper  bound  *6*  obtained 
by  expanding  cor  a,,  in  a  power  aerie*  in  o„  and  retaining  only  the  ftrxt  two  term*.  The  error 
in  this  approximation  decreaaea  aa  decreaaei;  it  i*  nearly  23.4%  for  a  j  •  90s  but  decreaae* 
to  lea*  than  8%  for  Og  -  54.74°.  Thu*,  for  u>2  the  ceramic  meat  vane*  nearly  quadra ttcally 
with  the  cap  radiua. 

We  aacume  that  the  ceramic  u  of  uniform  thiclcneaa  over  the  entire  cap  and  obtain  for 
ita  man  Me  in  kg: 


(33) 

-  2»pf  £6a(  1  -  coaa^/lfO^/lSO]2. 

or,  in  terms  of  the  lower  cutoff  frequency  fe  by  uae  of  Eq.  (32b), 

Mc  -  2*pf  8c2|  1.10  ♦  (52.5/0,1(1  -  7.79  X  lO*^)2*1  -  coaa^/U&af^/a)2.  (34) 

where  pt  is  the  man  denaity  of  the  ceramic  in  kg/ms ,  c  ia  the  aound  apeed  of  the  surround¬ 
ing  fluid  in  m/t,  t  ia  the  ceramic  thickneaa  in  meter*,  ia  in  degree*,  and  fe  ia  in  kHx.  We 
can  also  express  the  mass  in  terms  of  the  -  3  dB  half  angle  >,,  in  degrees  aa 


Mc  —  sp.Vc2 1 110  ♦  (24  6/y„)|2(l  -  1.16  X  10-4.v2>/<1500fr)2 


(35) 


In  Fig.  1 1  we  prearnl  a  graph  of  .Wf  aa  a  function  of  yt  for  the  caae  where  the  surrounding 
fluid  is  water,  the  ceramic  is  l’ZT-4  (pf  "  7500  kg'm3),  V  ■  0.001  m,  and  fc  •  10  kHx. 

The  ceramic  maia  ,Wf  fc  r  other  choice*  oftinm  and  fr  in  kilt  can  lie  obtained  from  thu 
graph  by  multiplying  the  plotted  value*  by  10'{C//2). 


The  section  after  next  will  show  that  the  transmitting  voltage  response  of  a  CBT  does 
not  depend  on  the  thickness  of  the  ceramic.  However,  the  thickness  does  determine  the 
maximum  achievable  source  level  since  it  limit*  the  maximum  voltage  that  can  be  applied 
to  the  CBT.  When  aenes  shading  capacitors  (aee  the  aection.  "Implementation  of  the 
Velocity  Distribution")  are  uaed  as  voltage  divider*  to  reduce  the  voltage  across  all  but  the 
topmost  ceramic  hand,  the  thickness  of  the  ceramic  in  these  hands  can  be  reduced  in 
proportion  to  the  voltage  reduction  without  reducing  the  maximum  achievable  source 
level.  We  then  have  C,  "  £,Cj  //', ,  and  the  ceramic  mass  become* 

(36) 

where  Mt  is  given  by  Eqs.  (33)  to  (35),  £j  ia  given  by  Eqs.  (25)  to  (28)  with  (  •  1.  and  Ej- 
is  proportional  to  the  average  of  Pv  (cos  0)  over  the  entire  cap,  and  is  given  by  Eqs.  (26)  to 
(28),  with  0^  •  0  and  6UI  -  a,,.  It  can  be  shown  that  ET  is  well  approximated  by  0.432B 
( 1  ♦  0.356/(e  ♦  0.5 >3 ) ,  and  that  for  the  caae  of  eight  or  more  band*.  0.910. 

Thu*,  we  have 

Af'  <  0.48(1  ♦  0.356/(»'  ♦  0.5)*)Af<t  (37) 
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Kij  1 1  Miu  of  the  orimif  (Hjuiifd  in  *  f'HT  in  k|  u  I  function  of  Ihi 
-3  dB  half  in(f*  y  in  dnfrtw  fnr  a  town  cutoff  frrquancy  of  10  kill  and 
for  a  ceramic  thicknaaa  of  0  001  m 


ao  that  the  reduction  in  mast  of  the  ceramic  u  approximately  50T.  however,  the  input 
electrical  impedance  of  the  CBT  end.  consequently,  both  the  transmitting  current  response 
and  the  receiving  voltage  sensitivity  are  also  reduced  by  the  same  factor. 

If  the  CBT  will  not  be  used  at  water  depths  greater  than  about  300  m  the  backing 
plate  can  be  made  reasonably  light  weight  and  will  not  add  substantially  to  the  weight  of  the 
CBT  in  water.  In  this  case,  the  only  design  requirement  for  the  backing  plate  is  Vo  maintain 
the  shape  of  the  sphencal  cap.  We  estimate  thst  the  entire  mass  of  the  CBT  with  a  light 
weight  backing  plate  will  be  leia  than  twice  that  of  the  ceramic  alone.  In  addition,  the  use 
of  low  mass -density  materials  such  as  plastics  in  the  barking  plate  should  result  in  a  CBT 
weight  in  water  that  is  barely  larger  than  that  of  the  ceramic. 

If  the  CBT  must  be  used  at  greal  depths  so  that  corprene  or  another  good  pressure- 
release  material  cannot  be  used  to  decouple  the  ceramic  from  the  hacking  plate,  the  backing 
plate  must  he  made  of  a  material  such  as  steel  or  tungsten  and  will  greatly  Increase  the 
mass  and  weight  of  the  CBT. 


BANDWIDTH 

The  bandwidth  of  a  CBT  is  determined  by  several  factors.  The  lower  frequency  limit 
fc  (in  kHz)  depends  on  the  cap  radius  b  (m  meters),  the  sound  speed  c  of  the  surrounding 
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fluid  (in  m /a),  and  the  -  3  dB  half  angle  yv  or,  alternatively,  Um  cup  half  angle  a*  (in 
depves)  according  to  tha  following  two  formulas  (given  earlier): 

ft  -c  ^1.10  ♦  ^p^/(l5006),  (Be) 

fc  =*e(1.10M&2.6/ol,)(l  *  7.79  X  lO  ^a/ll/dMOd).  (9b) 

A  reduction  in  fc  for  the  aame  desired  beam  pattern  (a,  -  constant  or  yv  •  constant) 
requires  a  corresponding  increase  in  b  and  a  resulting  increase  in  the  mass  and  weight  of  the 
CAT  (see  section  called  "Sise  and  Maas"). 

There  are  two  primary  factor*  that  determine  the  upper  frequency  limit.  The  first 
factor  is  the  sise  of  the  constant- velocity  bands  used  in  stepwise  implementing  the  velocity 
distribution.  If  one  or  more  of  the  bands  is  too  large  for  the  desired  high  frequency  limit, 
interference  extrema  can  significantly  degrade  the  center  of  the  farfield  radiation  pattern  at 
frequencies  within  the  operating  band.  We  discuss  this  effect  in  detail  in  the  "Implementa¬ 
tion  of  the  Velocity  Distribution"  section.  An  estimate  of  the  upper  frequency  limit  for  a 
given  velocity  band  subdivision  scheme  is  given  by  Eq  (24). 

The  second  factor  that  determines  the  frequency  limit  is  the  shape  and  sise  of  the 
ceramic  pieces  used  in  the  mosaic  If  the  pieces  are  not  identical  in  shape  and  site,  the 
upper  frequency  limit  for  constancy  of  both  the  beam  pattern  and  the  transmitting  current 
response  is  somewhat  less  than  the  fundamental  thickness  resonance  of  the  thickest  piece. 
On  the  other  hand,  if  the  pieces  are  identical  they  will  respond  identically  with  frequency 
since  the  acoustic  loading  is  uniform  over  the  entire  spherical  cap.  In  this  case,  the  occur¬ 
rence  of  a  resonance  will  affect  the  surface  normal  velocity  magnitude  but  not  it*  distribu¬ 
tion.  and.  thus,  the  beam  pattern  will  remain  constant  Of  course,  the  transmitting  current 
response  will  follow  the  frequency  dependence  of  the  velocity  magnitude,  increasing  some¬ 
what  as  the  fundamental  thickness  resonance  is  approached,  and  decreasing  rapidly  above 
resonance.  This  rapid  decrease  in  response  above  resonance  places  s  practical  limit  on  the 
upper  frequency  limit  of  the  CBT. 


SOURCE  LEVEL.  TRANSMITTING  VOLTAGE  AND  CURRENT  RESPONSES. 

AND  RECEIVING  VOLTAGE  SENSITIVITY 

The  on  axis  (0  “  0®)  farfield  acoustic  pressure  produced  by  the  CBT  at  s  distance  R  at  s 
frequency  well  above  its  cutoff  frequency  is  shown  in  [  1 )  to  be 

Prr  -  (pe(/0e/*)e*<*  '  •  V iu \  (SB) 

where  p  and  c  are  the  density  and  sound  speed  of 'water  or  whatever  fluid  the  CBT  is 
radiating  into,  e  is  the  radius  of  curvature  of  the  spherical  cap,  w  *  2 wf  is  the  angular  fre¬ 
quency,  and  Ua  is  the  normal  velocity  of  the  transducer  surface  at  $  •  0°,  i.#.,  in  the  center 
of  the  cap.  We  assume  in  the  following  discussion  that  the  transducer  consists  of  a  close- 
packed  mosaic  of  small  ceramic  elements  that  are  decoupled  from  a  backing  plate  by 
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pressure  release  material.  We  alao  assume  that  the  frequency  is  well  below  the  fundamental 
or  lowest  thickness  resonance  of  the  ceramic. 

If  the  individual  ceramic  pieces  have  lateral  dimensions  that  are  small  relative  to  the 
wavelength  of  sound  in  the  ceramic,  then  the  velocity  U0  it  given  by 

VQ  •  -  <cjd„£0/2.  (39) 

Here,  dM  is  a  piezoelectric  constant  of  the  ceramic  and  F0  la  the  input  voltage  to  the  CBT. 
On  the  other  hand,  If  the  lateral  dimensions  are  large  compared  to  a  wavelength,  the  factor 
dj|  in  Eq.  (39)  must  be  replaced  by  arhere  Kj3.  hja.  andeft  are  dielectric, 

pietoelectric,  and  elastic  constants,  respectively,  of  the  ceramic.  For  a  description  of  these 
constants  together  with  numerical  values  representative  of  selected  ceramic  compositions, 
we  refer  the  reader  to  Ref.  7.  In  general,  dJS  >  *  Jj#0l»3j/cft ,  *°  the  norma)  velocity 
obtained  with  a  given  input  voltage  is  greater  when  d3i  is  appropriate.  For  example,  using 
ihe  following  typical  values  for  PZT-4  given  m  Ref.  7 :  XL  ■  1300,  d,,  ■  2.89X10  10  m/V, 
h3,  -  2.68X109  V/m,  and  eft  “  I.59X1011  N/m2,  we  find  that  Er3<0hJS/cft  ■ 

1  XX 10  10  m/V,  which  is  33%  less  than  d^j.  We  assume  in  the  following  discussion  that 
da3  is  the  appropriate  factor  for  the  CBT  for  all  but  possibly  the  upper  end  of  the  operating 
frequency  range 

Substituting  for  t/0  from  Eq.  (39)  into  Kq.  (38),  replacings  by  h/(*a„/180),  setting  R 
equal  to  1  m.  and  ignoring  the  phase  terms,  we  obtain  the  following  equation  for  the  farfield 
pressure  magnitude  referenced  to  1  m 

iPft-{R  •  1  mH  “  pchiodjjFg/^vOj  /180)  (40) 

Thus,  the  source  level  of  the  CBT  in  dB  ref.  IpAi  at  1  m  is  given  by 

SI.  -  20  log^lpebi^^XQ/casa^Q '180>1,  (41) 

where  p0  is  the  reference  pressure  equal  to  Ipftj  at  1  m 

The  maximum  achievable  source  level  it  limited  by  the  maximum  electric  field  that  can 
be  applied  to  the  ceramic  before  dielectric  failure  or  depolarization  occurs  This  depends  on 
the  duty  cycle  used  and  can  he  larger  than  105  volts  per  centimeter  of  ceramic  thickness 
for  very  low  duty  cycles  However,  for  most  sonar  applications  it  is  de^ipxt  that  the  pressure 
waveform  produced  in  the  water  be  linearly  related  to  the  applied  voltage  waveform  In  this 
case,  the  applied  electric  fields  must  be  less  than  about  2000  V /cm  in  order  to  be  small 
compared  to  the  DC  electric  fields  used  to  polarise  the  ceramic  during  its  initial  preparation. 
This  results  in  a  somewhat  lower  usable  source  level.  We  can  alternately  express  the  source 
level  in  terms  of  the  dimensionless  frequency  ratio  (lfe  and  the  -  3  dB  half  angle  yv  by  use 
of  Eqs.  (2),  (3)  and  (32a): 

SI.  20  log|Q  [l0" pc*dMX0  ^0.618  ♦  ^(l 


♦  3.86  X  10- 


syl){firc)  /.vJ 


(42) 
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Thu  exprettion  u  evaluated  utrng  MKS  value*  for  p,  c,  and  d s 3 ,  and  expraaaing  y*  in  decree*. 
We  note  that  the  tourre  level  of  the  CBT  lncreaae*  linearly  with  frequency  over  it*  operating 
band,  the  minimum  value  occurring  at  the  lower  cutoff  frequency. 

The  tnmamitting  voltage  retponae  Sv  in  ftPo/V  U  found  from  Eq.  (42)  to  be 

!♦  3.55X10  (f/fe)  l>>  («) 

For  the  ca»e  of  water  and  PZT-4.  with  p  *  1000  kg/m3,c  »  1500  m/*,  and  dM  • 

2  89X10'*°  m/V\  we  have 

Sv  *  3.65  X  107  ^1.10  e^^^l  ♦  3.55  X  10  6y„a^  (f/ft)ly¥.  (44) 

The  minimum  transmitting  voltage  re*pon*e  over  the  o|>eraUng  band  is  given  for  this 

caae  in  dB  ref  1  (iPa/V  by  the  approximation 

SV  ¥ls  "  151.2  ♦  20  log,0^1.10  ♦  ♦  3  56  x  10  6y,.aJ /y„j  (45) 

We  present  in  Fig  12  a  graph  of  St-  a*  a  function  of  the  -  3  dB  half  angle  >j.. 


Sv  ^  10 ®PcadM  ^0.618  ♦  ^ 


y„  (0CG«t£S) 

T m  12  -  Minimum  transmitting  «olL*ff  ruuponee  Sv  mis  In  dB  ref  1  UP» /V 
t*  •  function  of  Ol*  -  3  dB  hi  '  mgl*  In  digram 
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The  transmitting  current  response  S  is  obtained  from  Sv  by  use  of 

S*\Z\8y  (46) 

where  l  u  the  input  electrics]  impedance  to  the  CBT.  For  frequencies  well  below  mechan¬ 
ic  si  resonance,  Z  ^  1  /iojCj*.  where  CT  is  the  total  electrical  capacitance  of  the  CBT  under 
stress-free  boundary  conditions.  When  the  velocity  shading  Is  achieved  by  the  use  of  shading 
capacitors  as  described  in  the  section  on  "Implementation  of  the  Velocity  Distribution,’’ 
the  total  capacitance  can  be  obtained  using  Bqs.  (26),  (29),  and  (30),  and  is  given  by 


where  /,  is  the  ceramic  thickness  of  the  tth  band  (assumed  to  be  uniform  over  the  band). 
The  appearance  in  the  denominator  of  the  average  of  Py  (coa  0)  over  the  first  band  is  due  to 
the  normalization  of  the  shading  coefficients  w,  to  that  -  1.0. 


X  Ml 

£  l  f 

|*<V180|  3  <Pyi  cos  6)>,  i-l  li 


/’yleos  0 )tin  Odd, 


(47) 


For  the  case  that  /,  •  /2  "  ■  I#  “  /.  we  can  remove  /,  from  the  sum  and  combine  the 

individual  band  integrals  into  a  tingle  integral  I  over  the  entire  spherical  cap  from  0  •  0  to 
0  -  a„ .  Thu  integral  can  be  evaluated  by  using  £qs.  (27)  and  (28)  to  calculate  E,  for 
°L,m°  and  fl-(  -  a,.,  and  then  using  the  relationship  I  ■  (1  -  cos  o^,)  HE,  obtained  from 
Eq.  (25)  The  quantity  (Py( coa  0)1,  «  E,  IB  can  also  be  evaluated  using  Eqs.  (27)  and  (28). 
However,  simpler  expressions  can  be  obtained  for  1  and  <P,  (cos  6  )>]  by  using  the  approxima¬ 
tion  fur  Py(cue  0)  given  in  Eq.  (5).  replacing  sin  0  by  0,  an  .  integrating  the  resulting 
expressions  exactly  After  some  further  algebra  plus  the  addition  of  an  empirically 
determined  correction  factor,  we  obtain  the  approximation: 


1.36Kjjf0F,62 


(1  -  3.24  Xl0-sy„a) 


(48) 


where  all  angles  are  in  degrees.  This  approximation  is  believed  to  be  accurate  to  within  1% 
for  »'>l.  The  bracketed  factor  in  Eq.  (48)  can  be  approximated  by  1  ♦  (0.72A,  /A),  where 
Al  I A  •  (1-cos  ®ki  )/(l-cos  a^)  is  the  fraction  of  the  total  cap  area  covered  by  the  first 
or  topmost  band  The  inaccuracy  in  this  approximation  is  leas  than  about  1%  for 
ra^/180  <  1.  i.e..  for  r>2.  If  there  are  N  bands-.  of  equal  area,  A(  I A  •  1  IN. 


An  excellent  approximation  for  the  transmitting  current  response  S  in  units  of  uPa/A 
and  ir  terms  of  y„  arid  ft  is  obtained  by  combining  Eqs.  (32a),  (43),  (46),  and  (46): 


1.48  X  10,0p  U„fe{  1  ♦  6.79  X  10  By 


-6. 


S  =■- 


*)  r 


£j,r0F,(l  .!(*,,♦  24.6) 


1  -  0 


(49) 


where  f(  is  in  kHz.  We  note  that  S  is  independent  of  the  operating  frequency.  For  the  case 
of  water  as  the  surrounding  fluid,  PZT-4  m  the  ceramic,  a  packing  fraction  of  unity  for  the 
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first  band  (F,  -  10),  and  the  ratio  (8„,A*v)a  equal  to  0.125,  auch  aa  would  be  obtained 
approximately  with  8  equal  area  bands,  we  have: 


3.38  x  10U 


C/f(l  ♦  6.79  X  10-5yJ) 
(l.lOy„  ♦  24.6) 


(50) 


Figure  1 3  show*  the  behavior  of  5  in  dB  ref.  1  uPa/A  aa  a  function  of  the  -  3  dB  half  angle  y„ 
for  £  -  0.001  m  and  fc  •  10  kHt.  Value*  of  S  for  other  choice*  of  £  and  fc  can  be  obtained 
horn  Mg  13  by  adding  the  factor  20  log10(£fc/0.01  kHsm)  to  the  plotted  value*. 


FV|  1 3  -  TrsnsmitUn*  rvirMl  teapoe—  5  in  dB  rtf  1  uPmlA  m  •  fuacUoe  of 
Ui«  -  3  dB  half  an*l«  yy  In  ague  f or  t  •  0  001  m  and  (t  *  10  kHs 


The  receiving  voltage  sensitivity  M  in  V/pA  is  found  (torn  S  in  iiPalA  by  using  the 
relation  V  **  10' 1 3JS,  where  J  -  0.002 /p/  i*  the  *phericai  reciprocity  factor  when  f  is  in 
kHi: 


2  96  X  10  5  9duiftlf)(  1  ♦  6  79  X  10'6yJ) 
*'f0F1(l.M»|p«34.e) 


(61) 
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Thu*,  for  frequence*  well  below  resonance,  the  receiving  voltage  sensitivity  of  the 
CBT  is  a  maximum  at  the  cutoff  frequency  and  decree— i  linearly  with  increasing  frequency 
above  that  point.  We  obtain,  for  the  case  of  water,  P2T>4,  F j  *  1.0,  and  {6*i  /<**)*  •  0.125, 


M 


6.75  X  10  7 


g(ff//Ml  ♦  6.79  X  10~6y*) 
<1.10y„e24.6> 


(52) 


in  Pig.  14,  we  plot  the  behavior  of  the  maximum  receiving  voltage  sensitivity  A#vx  * ,  i.e., 

M  at  f  »  ft ,  as  a  function  of  the  -  3  dB  half  angle  y¥  for  this  case  with  8  •  0.001  m.  Values  of 
MyAX  for  other  choices  of  t  can  be  obtained  from  Pig.  14  by  adding  20  tog10(6/0-001  m) 
to  the  plotted  values. 


r>«  14  Maiunam  rvcWvtns  volts—  MiwIUvtty  *  max  tn  <*R  rvf  1  VlixPu  m 
•  fUMtlan  of  the  3  dB  half  an«l«  yv  tr  degrees  tor  t  •  0  OOI  re 


We  note  that  the  receiving  voltage  aensiUvUy  depends  weakly  on  (6„|  /«,)  through 
the  bracketed  factor  in  Eq.  (51).  Since  ths  CBT  mosaic  should  never  be  subdivided  so  that 
the  area  of  the  first  band  exceeds  1/8  the  area  of  the  entire  cap,  the  factor  (6„i  /a*)*  is  never 
greeter  than  0.125  and,  thus,  the  bracketed  factor  has  a  minimum  value  of  0.91.  Both  the 
expression  for  M  given  in  Eq.  (52)  and  the  values  for  plotted  In  Pig.  14  represent 

this  minimum. 

The  tome  what  low  receiving  voltage  sensitivity  values  shown  in  Pig.  14  are  due 
primarily  to  the  relatively  low  input  electrical  impedance  of  the  CBT  which  results  from 
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connecting  the  individual  piece*  of  ceramic  in  the  momic  in  parallel.  The  uie  of  parallel 
connection*  maximise*  the  transmitting  voltage  response;  however,  it  simultaneously 
minimises  the  input  electric*]  impedance,  the  transmitting  current  retponae,  and  the 
receiving  voltage  sensitivity. 

if  the  CBT  i*  to  be  usod  u  a  receiver,  we  can  increase  the  receiving  voltage  sensitivity 
by  the  use  of  series  electrical  connections.  The  easiest  procedure  to  gain  receiving  voltaga 
sensitivity  involves  changing  the  electrical  connections  between  the  N  bands  from  parallel 
to  ashes  while  retaining  the  parallel  connections  between  all  the  pieces  of  ceramic  in  each 
band.  In  this  case  we  obtain  the  CBT  amplitude  shading,  wt  -  FlEi/FfK^ ,  (  “  U,...Af,  by 
connecting  a  shading  capacitor  in  parallel  with  each  band  except  the  first.  The  required 
shading  capacitance  values  C1,,  i  -  2,3,  N,  are  given  by 

C>  <C{  -  «e,  CF)IWi.  (63) 

where  cf  u  the  *  tress-  free  ceramic  capacitance  of  the  ith  band.  We  note  that  Cj  will  be 
nonnegative  and.  hence,  physically  realizable  only  if  Cf  >  v>  Cf.  Thia  condition  is 
obviously  satisfied  bv  a  cloae  packed  mosaic  of  uniform  thickness  ceiamic  and  equal  area 
bands  where  cf  ■  (  ,  aid  u1,  <  1  for  all  t.  If  the  condition  u  not  satisfied,  a  shading 
capacitor  chosen  so  that  Cf  ♦  Cj  >  u-.C'f  for  all  i  *  1  must  be  addtd  in  parallel  with  the 
first  band 

Tlie  series-parallel  arrangement  described  above  results  in  an  increase  in  tlje  receiving 
voltage  sensitivity  over  that  of  the  original  parallel  arrangement  by  the  factor  i 

(<'f  ♦  f*', )  Thu  increase  is  accompanied  by  a  corresponding  decrease  in  the  transmitting 
voltage  response  by  the  factor  1/?  u(  and  an  increase  in  the  electrical  impedance  (at 
frequencies  well  below  resonance)  by  the  factor  | ui(Cf 


When  all  l he  ceramic  Hm  the  wtme  thickneaa  and  when  C\  -  0,  we  have 

a 


s 

1  U' 


<  ■ 


F)/{co$  0  >sin  Odd 

ul 

r„(cos0)-tn  ddO 


An  excellent  approximation  for  thia  factor  is  given  by 

S  0.432(1  cos  a„)|l  ♦0.36«/(i'*0.5)2l 

l  wCf  /cf  * - 

(1  cost?  ,)(1  0.72(0 


(64) 


(66) 
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Neglecting  the  bracketed  quantity  In  the  numerator  of  Eq.  (65).  which  become*  insignifi¬ 
cant  at  Large  v  or  small  a,,,  we  obtain,  for  the  case  of  N  equal  area  bands: 

N  N 

I  u/,cf  /cf  -  1  m,  a.  0.432  N[  1  ♦  (0.72/N)) .  (56) 

i-t  1  •  1  <»i  * 

In  this  case,  the  gain  in  the  receiving  voltage  sensitivity  varies  nearly  linearly  with  the 
number  of  bands.  For  the  minimum  eight  equal  area  bands,  the  receiving  voltage  sensitivity 
increases  11.5  ilB.  At  the  same  time,  the  transmitting  voltage  response  decreases  11.5dB, 
and  the  input  electrical  impedance  increases  23.0  dB. 

We  can  also  increase  the  receiving  voltage  sensitivity  of  the  CBT  by  connecting  the 
pieces  of  ceramic  in  each  band  in  senes  instead  of  in  parallel.  However,  care  must  be  taken 
to  insure  the  required  CBT  amplitude  shading  The  most  straightforward  procedure  is  to 
subdivide  each  band  in  the  d  dimension  into  L  identical  pieces.  The  L  pieces  in  each  band 
are  then  connected  in  series  electrically .  With  this  method,  we  simultaneously  increase  the 
receiving  voltage  sensitivity  and  decrease  the  transmitting  voltage  response  in  dB  by 
20  log10/,. 

A  decrease  in  the  transmitting  voltage  response  due  to  senes  connections  will  not  de¬ 
crease  the  maximum  achievable  source  level  if  the  CBT  can  handle  the  larger  input  voltages 
that  are  required.  The  resulting  voltage  across  each  ceramic  piece  remains  unchanged  for  a 
given  source  level . 


EXAMPLE 

As  an  example,  we  consider  the  design  of  a  CBT  which  is  to  be  used  both  as  a  projector 
and  a  receiver  and  which  meets  the  following  requirements: 

1.  -  3  dB  half  angle  >,.  -  7° 

2.  Frequency  range:  15-100  kHz 

3.  Source  level:  SL  >  200  dB  re  1  iiPa  at  1  m 

4.  Receiving  voltage  sensitivity  at  16  kHz:  >  -  200  dB  re  1  V/hPq 

5.  Water  depth  capability:  300  m 

We  calculate  the  required  CBT  design  parameters  as  follows: 

1.  The  Legendre  function  order,  from  Eq.  (31a);  8.73. 

2.  The  cap  half  angle,  from  Eq  (2);crg73  *  14.92°. 

3.  The  cap  radius,  from  Eq.  (32)  with  fe  ■  15  kHz;  b  ■  0.308  m. 
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4.  The  minimum  transmitting  voltage  response,  from  Eq.  (4ft);  Sv mw  “  147.6  dB 
re  1  jdte/V. 

ft.  "Hie  maximum  input  voltage  required  to  obtain  a  eouroe  level  of  200  dB  re  1  pAe 
at  1  m  ia  given  by  V^AX  -  (200-147.6)  dB  re  1  V  or  VMAX  »  417  V.  This  is  the  voltage 
required  at  1ft  kHt.  The  voltage  required  for  a  source  level  of  200  dB  re  1  fiPn  at  1  m 
decreases  linearly  with  frequency,  felling  to  62.6  V  at  100  kHt. 

6.  We  choose  PZT-4  or  equivalent  as  the  ceramic  composition  and  assume  a  close- 
packed  mosaic.  For  8  equal  area  shading  bands,  uniform  ceramic  thickness,  and  all  parallel 
electrical  connections,  the  receiving  voltage  sensitivity  at  the  cutoff  frequency  for  1  mm  of 
ceramic  thickness  is  found  from  Eq.  (52)  to  be  -  213.6  dB  re  1  V/jiAi.  Thus  -200  dB 
requires  ■  ceramic  thickness  C  -  4.79  mm.  This  thickness  is  sufficiently  large  to  prevent  over- 
heating  or  nonlinearity  in  the  ceramic  even  when  the  maximum  required  driving  voltage  of 
417  Vis  applied  continuously.  The  receiving  voltage  sensitivity  will  decrease  linearly  with 
frequency,  being  equal  to  -  216. 5  dB  re  1  V/pPo  at  100  kHi.  If  desired,  a  differentiating 
circuit  can  be  used  in  the  receiving  electronics  to  remove  this  frequency  dependence. 

7.  The  input  electrical  im|>cdanre  at  the  cutoff  frequency.  Zf  ■  1/(2*  1cCT).  from 
Eq  (48),  with  j  2/al,2)  “  0  125;  Zfc  -  31 .5  il.  The  imjiedsnce  will  decrease  linearly 
with  frequency,  being  equal  to  4.7  ft  at  100  kits. 

8.  The  required  input  current  for  a  source  level  of  200  dB  re  1  pPa  at  1  m  is  given 

by  1  •  *  13-2  -4  Since  the  transmitting  current  response  is  nearly  flat  with  fre¬ 

quency.  •  nearly  constant  source  level  of  200  dB  rr  1  pPa  at  1  m  is  obtained  over  the  entire 
frequency  band  I  y  use  of  a  constant  current  drive  of  13.2  A 

9.  The  upper  frequency  limit  of  100  kHz  n  well  below  the  lowest  thickness 
resonance  of  the  ceramic  which  is  approximately  equal  to  460  kHz. 

10  The  mass  of  the  ceramic,  from  Eq  (36)  with  pf  ■  7600  kg/m3;  Mc  —  10.7  kg. 

I  ho*,  the  entire  CBT  should  weigh  less  than  22.7  kg  (50  lb)  in  air.  Ita  weight  in  water  can  be 
sulwtant  itlly  less  than  this  since  a  low. mass-density  backing  plate  can  be  used  in  ita  construe- 

Imn 


11.  For  8  equal  area  bands,  the  angular  Itmilaare  given  by  0UI  *  0L  ,  , ,  •  cos"1 
(1  -  0/81(1  cos  a87a)).  We  obtain  1,2,  .  8.  •  6.26°.  7.44°.  i>.12\  10.64°. 

1 1.78°.  12.91°,  13.95  ,  and  14.92°.  "Hie  CBT  need  not  be  constructed  with  precisely  these 
angular  limits.  If  8  bands  are  used,  the  actual  angular  limits  can  differ  slightly  from  these 
values  as  long  as  the  individual  hand  areas  do  not  differ  more  than  about  6%.  On  the  other 
hand,  if  more  than  8  bands  are  used,  the  only  restriction  is  thst  no  band  be  larger  in  area 
than  1/8  the  area  of  the  cap. 

12  For  8  equal  area  hands,  the  CBT  shading  coefficients  are  obtained  using  Eqs.  (27) 
and  (28)  together  with  the  definition  w ,  ■  £</£,  ■  The  result:  witi  •  1,2, .  ..  8,  -  1.000, 

0  821 . 0.657, 0.608.  0  373,  0.252,  0.148,  and  0.0451 . 


26 


NRL  REPORT  DM 


13.  The  required  (hading  capacitors  C(  should  be  determined  from  Eq.  (29)  using 
experimental  value*  for  the  (tree*- free  capacitance  of  each  band  cf  measured  after  the 
CBT  mosaic  has  been  constructed.  We  can  obtain  approximate  values  for  C,  in  the  case  of 
8  equal  are*  bands  by  using  cf  ■  C*./8  with  C*  given  by  Eq.  (48).  The  result  is:  Ci, 
i  -  2.  3. ....  8  -  0.197  nF.  0.0829  p/,  0.0444  p>,  0.0267  pF,  0.0146  pF,  7160  mmF,  and 
1990  w*F.  Inaccuracies  of  at  least  1%  in  the  shading  capacitances  can  be  tolerated  without 
degrading  the  performance  of  the  CBT. 


SUMMARY 

We  have  presented  design  formulas  for  a  constant  beamwidth  transducer  based  on 
Legendre  function  amplitude  shading  of  a  spherical  cap.  Included  are  simple  algebraic  and 
trigonometric  expressions  for  the  required  velocity  distribution,  limiting  beam  pattern, 
directivity  index,  equivalent  two-way  beamwidtha  for  volume  and  surface  reverberation, 
shading  coefficients  for  a  stepwise  implementation  of  the  velocity  distribution,  spherical  cap 
size,  ceramic  mass,  bandwidth,  source  level,  transmitting  voltage  and  current  responses,  and 
receiving  voltage  sensitivity.  Most  of  the  expression*  art1  approximations  for  difficult-to- 
evaluat*  expressions  in  terms  of  I^egendre  function  of  fractional  order.  The  approximation* 
are  extremely  accurate,  involvutg  substantially  less  inaccuracy  than  is  normally  encountered 
in  transducer  construction 

The  formulas  are  restricted  to  constant  beam  widths  whose  3  JB  half  angle  is  no 
greater  than  4&" .  Thu  corresponds  to  restricting  the  order  of  the  Legendre  function  to  be 
unity  or  greater.  The  restriction  is  somewhat  arbitrary:  it  was  made  in  order  to  simplify  the 
approximation*  If  s  need  arises  for  a  CBT  with  a  -  3  dB  half  angle  grealet  than  46*.  then 
expressions  corresponding  to  but  more  complicated  than  those  given  in  this  report  can  be 
obtained  for  a  Legendre  function  order  less  than  unity. 
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